In [H. Groemer, On a spherical integral transform and sections of star bodies, Monatsh. Math. 126 (1998) 117-124], Groemer considered intersections of star bodies K ⊂ R d , d 3, (with respect to the origin 0) with (d − 1)-dimensional half-spaces through 0 and showed that the ((d − 1)-dimensional) volumes of these intersections determine the body K uniquely. A direct consequence is that a corresponding uniqueness result also holds for intersections with j -dimensional half-spaces, for any fixed j ∈ {2, . . . , d − 1}. The result in [H. Groemer, On a spherical integral transform and sections of star bodies, Monatsh. Math. 126 (1998) 117-124] is the outcome of combining injectivity results for two spherical transforms, the hemispherical transform and the (spherical) Radon transform. Here, we introduce the average s j (K, u) of the intersection volume over all j -dimensional half-spaces H containing a given direction u (orthogonal to the boundary of H ). It is a more general question whether the resulting function s j (K, ·) on the unit sphere S d−1 determines K uniquely. In fact, we shall show uniqueness in the cases j = 2 and d = 3 or 4, as well as j (d + 2)/2 and j > (2d + 1)/3, for d 5, and we give corresponding stability results. On the other hand, we shall see that there are infinitely many pairs (j, d) for which uniqueness fails.
Introduction
It is a basic problem in stereology to obtain information about a three-dimensional object from two-dimensional (random) sections. Frequently, several isotropic uniform random sections are not available, since the material cannot be reconstituted after each cut. Moreover, non-uniform sampling schemes are often preferred by the experimenter, because they reveal special topological information on the specimen. For this purpose, the method of vertical sections was developed (see [2] [3] [4] 8] and the book [17] , for details, generalizations and further references). These are planar sections of a three-dimensional object K which contain a given direction. Measuring appropriate geometric quantities in a series of vertical sections, with respect to one or several given axes, it is possible to estimate the volume, the surface area and other geometric functionals of K from the section averages. In the following, we are concerned with a similar but slightly different question. Starting from a set K in d-dimensional Euclidean space R d , d 3, we consider, for each direction u, the average of certain geometric functionals of sections of K containing u. This yields an average section function defined on the unit sphere S d−1 . We will investigate whether or not K is determined by this average section function.
Our interest in this problem arose from work of Groemer [12] , who considered the content of intersections of star bodies K with lower-dimensional half-spaces. A star body K ⊂ R d is a compact set which is star-shaped with respect to the origin 0, contains 0 as an interior point, and has a continuous radial function ρ(K, u) := max{r 0: ru ∈ K}, u ∈ S d−1 . We refer to the book of Gardner [6] , for information about star bodies. Using u, x for the standard scalar product of u, x ∈ R d , we let u ⊥ := {x ∈ R d : u, x = 0} be the hyperplane orthogonal to u ∈ S d−1 and u + := {x ∈ R d : u, x 0} the closed halfspace generated by u (and containing u). For j ∈ {1, . . . , d − 1}, L d j is the Grassmannian of all linear j -spaces in R d and 
are supplied with their unique invariant probability measures. For convenience, we denote integration with respect to these Haar measures by dL (respectively dH ).
In [12] , Groemer showed that
for two star bodies K, M and all
More generally, in case K, M are convex, he proved a corresponding stability result. Applying Groemer's result to
for all H ∈ H d j , implies that K = M (and a corresponding stability result for convex bodies K, M). Actually (and this is emphasized in [12] ), these uniqueness (and stability) results are of a purely analytic nature and are obtained by combining results for two spherical integral transforms, the hemispherical transform and the Radon transform. The first determines odd functions on S d−1 uniquely and the second is injective on even functions. Since both transforms intertwine the action of the rotation group SO d , it is appropriate to use spherical harmonic expansions and the uniqueness respectively injectivity results (as well as the stability versions) require the analysis of certain multipliers. Our primary reference is the book of Groemer [13] , where these and other spherical transforms are discussed in greater generality.
Since the family H d j of half-spaces provides a multiple covering of R d , it seems that a star body K is over-determined by the section function H → λ j (K ∩ H ). It is therefore a natural question, whether certain averages of λ j (K ∩ ·) are sufficient to determine K. To make this question more precise, we define, for a star body K and j = 2, . . . , d − 1, the mean (or average) directed section function
Our main result is then the following.
On the other hand, for each i = 1, 2, . . . , there are star bodies K = M in R 3i+1 which satisfy
For convex bodies, the injectivity results in Theorem 1.1 can be generalized to stability statements in the following form. Here, · 2 denotes the L 2 -norm of functions on S d−1 , δ(K, M) is the Hausdorff distance of the convex bodies K, M, and B(0, r) denotes the ball with center 0 and radius r > 0.
Returning to the stereological problem mentioned at the beginning, our injectivity result for j = 2, d = 3 shows that the whole shape of a three-dimensional (star-shaped) body K is determined by the average section areas, if sections with half-planes are considered and the axis u varies through all unit vectors. The corresponding stability result would even allow the possibility of estimating K, in the case K is convex, on the basis of its average section functions in finitely many directions u.
It is rather surprising to encounter the non-injectivity described in Theorem 1.1. In these cases, it seems that there is no natural strengthening of Groemer's result. In our final remarks in Section 5, we will discuss the behavior of s j (K, ·) for d/2 + 1 < j (2d + 1)/3 (and d 5) and will see that there is at least one other isolated case of non-injectivity.
The integral transform
As in similar situations (compare [9, 11, 14] ), we will now reformulate our geometric uniqueness problem in an analytic setting involving a linear integral transform on the sphere S d−1 .
For a star body K, j ∈ {2, . . . , d − 1}, and H ∈ H d j , we have 
such that
A d j is a continuous linear operator which intertwines the action of the rotation group SO d . Its eigenfunctions are the spherical harmonics. We denote by a d,j,n the eigenvalue for the spherical harmonics h d n of degree n,
and refer to this as the nth multiplier of the operator A d j , n = 0, 1, 2, . . . . In order to solve the uniqueness question for star bodies, we investigate the injectivity of A d j , and the latter is equivalent to the fact that all multipliers a d,j,n are non-zero.
For this purpose, we now derive an alternative description of A d j and give an integral formula for a d,j,n . We denote by P d n the Legendre polynomial of degree n in d dimensions and also use the abbreviation
Proof.
We first recall a decomposition of the spherical Lebesgue measure, which was stated as Lemma 2.1 in [5] . If we fix u ∈ S d−1 and apply this decomposition with respect to the ((d − 1)-dimensional) subspace u ⊥ , we obtain, for any measurable function
with a dimensional constant c d . Now we start with definition (2.1),
Assuming first j 3, we apply (2.2) to the inner integral. Temporarily we use L (u) 2,L for the manifold of all planes containing u and contained in L and denote by dM the integration with respect to the invariant probability measure on
because of the uniqueness of the invariant probability measure on L (u) 2 . A second application of (2.2) yields
with another dimensional constant c dj . For j = 2, this formula follows directly by applying (2.2) only once. Putting f ≡ 1, we also see from this derivation that
for Borel sets A ⊂ S d−1 , is a finite measure, hence the integral
, and is finite. Now we calculate the multiplier a d,j,n . For fixed u ∈ S d−1 , we choose the special spher- 
Comparing (2.3) and (2.4), we obtain
The uniqueness problem has now been reduced to the investigation of the multipliers a d,j,n . This investigation will be carried out in the next section. For convenience, we omit the dimensional constant and consider 
Injectivity of A d j
In this section, we discuss the injectivity properties of A d j and thus give a proof of Theorem 1.1.
Integrals similar to (2.5), but of the more general form
with certain values k, m ∈ {0, 1, 2, . . .} appear in other uniqueness problems of convex geometry, in particular in connection with Minkowski sums of projections of convex bodies (see e.g. [9] ). Up to a different normalization, the multipliers s d,j,n coincide with the values τ 0 n,d−j +1,d studied in [9] . For the even multipliers s d,j,2n , n = 0, 1, . . . , we can use (4.8) of [9] to obtain
Combining this with the fact that
Here, we have used the Pochhammer symbol
and (a) 0 := 1. The above expression for s d,j,2n can also be obtained using the connection coefficients for the Legendre polynomials, see [1, 14] 
(3.3) shows that s d,j,3 = 0, precisely when 3j = 2d + 1, and this already proves the noninjectivity statement in Theorem 1.1. For the odd multipliers s d,j,2n+3 , n = 0, 1, . . . , formula (4.8) in [9] gives
.
It follows that
This yields the following recursion formula for the odd multipliers:
The only factor in (3.4), which may be non-positive, is 
For 3j > 2d + 1 and d 5, we have 
Stability
We now give the proof of Theorem 1.2 and start by establishing a lower bound for the multipliers s d,j,n . 
We prove that
by induction on n. For n = 0 we have, by (3.2),
and for n = 1 we have, by (3.3),
For general n, the induction hypothesis gives
The case j = 2, d = 3 or 4, follows in a similar manner. 2
Now we proceed as in [12, 14] . We apply Lemma 2.3.2 and Lemma 3.4.13 (with γ = 2/d) from [13] to the convex bodies K, M and get
, with constants c 1 , c 2 , c 3 depending only on d and j and with
where f n is the condensed harmonic expansion of ρ j (K, ·)−ρ j (M, ·). From Lemma 4.1 we get , we arrive at the stability estimate in Theorem 1.2. As a consequence of (i)-(iii), our further investigation of the injectivity problem can concentrate on the multipliers s d,j,4n−1 . The case n = 1 has already been discussed and so we now look at n = 2. The seventh multiplier, s d,j,7 , is a positive multiple of the polynomial
Final remarks
This function is decreasing as j increases. Asymptotically It is easy to check that f (d, j) = 0 describes a non-singular cubic curve and so, by Siegel's Theorem (see [15] or [16] ) it has only finitely many integer points. Of course this process can likely be continued and indicates that there are only sporadic cases where injectivity fails.
In Theorem 1.1, the results are expressed in terms of star bodies since that seems to be the natural setting for these problems. However, in the case of non-injectivity, we have found a multiplier a d,j,n = 0 for some n. It follows that there is a C ∞ function (nth degree spherical harmonic), f n say, which is annihilated by the operator A d j . If α is sufficiently small, the function 1/(1 + αf n ) 1/j is the support function of a convex body. The polar body, K 0 say, will also be convex and have radial function (1 + αf n ) 1 
The case of centrally symmetric bodies merits some comment. In analytic terms this symmetry requirement yields an even radial function. This means that our operator A d j is applied to functions f having harmonic expansions involving only even terms. It follows from (i) that A d j is injective on even functions for all pairs (d, j ). In fact, this result follows from Eq. (3.4) of [10] . In the language of Radon transforms
for even functions f . It is well known that R d 1,j is injective and Eq. (3.4) of [10] shows that R d j,1 is injective on the range of R d 1,j . It is known that the volumes of the central j -di-mensional sections of a centrally symmetric star body determine that body uniquely, see [6, Theorem 7.2.6] . In fact, this follows from the injectivity of R d 1,j . Our result shows that this can be strengthened in the sense that the averages of these volumes over the sections containing a fixed axis determine the body uniquely if such averages are known for all axes. For further results on the determination of convex or star bodies by section functions, see [7] .
We finally comment on a generalization of our average section functions. As was explained in the introduction, the section means which we considered have much in common with the vertical section method used in stereology. In this stereological method, in each vertical section of the underlying set K, a series of (independent and uniformly distributed) random lines is considered and the intersection points with the boundary of K are counted, but weighted according to the angle between the line and the vertical direction u. It therefore seems natural to also consider more general averages discussed in [9] . In particular, for j = d − k + 1, p = k, we obtain, up to some constant c = c(d, k), the multipliers of the projection mean operator p k which was investigated in several papers (see [9, 14] , for further references).
